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Abstract
α decay is treated microscopically, where the unstable mother nu-
cleus and residual daughter nucleus are described using HFB wave
functions, obtained with the Skyrme effective interaction. From
these wave functions the amplitude for forming α particles in the
mother nucleus is computed. Two different Skyrme parametriza-
tions with different pairing properties are compared, and we find
good agreement with experiment for relative decay rates in both
cases. The absolute values of the decay rates are under-estimated.
1. Introduction
Nuclear α decay is the process where an unstable nucleus
splits into 4He (α particle) and a daughter nucleus with
two less protons and two less neutrons. This process is
much closer related to spontaneous fission, i.e., a disinte-
gration of the nucleus into two nuclei with mass numbers
A & 60, than β and γ decay, which involve the creation of
particles due to the interaction of the nucleus with weak
and electromagnetic fields, respectively.
For superheavy elements (SHE) fission and α decay are
the dominant decay modes. The detection of emitted
α particles has been the principal method of identifying
SHEs, created in heavy ion fusion reactions [1]. By de-
tecting α particles from decays leaving the daughter nu-
cleus in an excited state in coincidence with the subse-
quent electromagnetic decay, a first exploration of nuclear
level structure as well as possible identification by X-ray
emission in the Z = 115 region was recently made in the
experiment of Ref. [2]. Such α decays populating excited
daughter states occur due to different structure of mother
and daughter nuclei, that hinders the decay to the ground
state [3].
Both fission and α-decay modes proceed through clas-
sically forbidden regions of configuration space, i.e., if the
motion of the nucleons is described by some collective co-
ordinates, the nuclear wave function must tunnel through
a potential barrier parametrized by these coordinates. For
fission the collective coordinates usually characterize the
evolution of the overall nuclear shape, while for α decay
one can choose the distance between the center of mass of
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the daughter nucleus and the α particle.
The tunneling leads to the huge variation in α-decay
lifetimes across the nuclear chart, as the half-life depends
roughly exponentially on the difference between the height
of the barrier and the Qα value. Due to the barrier pen-
etration being the dominant factor determining the decay
probability, this dependence on Qα can be described using
phenomenological α-daughter potentials or semi-empirical
formulas. Within such approaches one has been able to
reproduce the overall trends in α-decay half-lives using a
small number of free parameters [4, 5].
To connect α decay with other nuclear observables, and
describe the hindrance of certain α-decay channels, a mi-
croscopic model is needed. In a microscopic description
one considers interacting nucleons, and the formation of
an α-daughter configuration from the initial state of the
mother nucleus. A predictive description of both nuclear
ground state and α-decay properties based on the same
effective interaction is a challenging task for theory. Most
microscopic calculations have been based on either a phe-
nomenological Woods-Saxon or Nilsson mean field com-
bined with BCS pairing [3, 6, 7], or a shell-model type
description where four nucleons interact with the daugh-
ter nucleus and each other through effective model space
interactions [8, 9, 10].
In this work we use well-tested effective Skyrme interac-
tions to describe the nuclear structure. The wave functions
of the mother and daughter nuclei are obtained self consis-
tently using the Hartree-Fock-Bogoliubov (HFB) method.
The Skyrme-HFB approach provides a reasonable descrip-
tion of ground state observables such as binding energies
and densities throughout the nuclear chart [11].
In [12] we preformed extensive calculations for even even
near-spherical nuclei using the SLy4 effective Skyrme in-
teraction. In this work we explore if comparable results are
obtained using a different modern Skyrme parametriza-
tion, UNEDF1 [13]. The connection between the two-
particle transfer density, the pairing density and the prob-
ability of forming α particles is discussed. Also new for
this work is the investigation of the accuracy of the δ-
function approximation [14], which drastically reduces the
time to compute the α-particle formation amplitude, by
comparing with the full calculation in the small α-particle
1
limit.
The contribution is organized as follows. In Sec. 2 the
α-decay formalism and the nuclear structure model are
briefly introduced. In Sec. 3 the convergence of the nu-
merical results, and the δ-function approximation are in-
vestigated. We discuss the role of pairing correlations in
section 4. Results for Po, Ra, and Rn isotopes are com-
pared with experiment in Sec. 5. Finally, in Sec. 6 we
present our conclusions.
2. Theory
We use the same decay formalism and Skyrme-HFB nu-
clear structure model as in the previous work [12], where
several aspects of the approach and the introduced approx-
imations are discussed in detail. Here we recapitulate only
the ingredients necessary for the discussion of the current
results.
2.1. Decay formalism
α-decay is described in the microscopicR-matrix approach
[15, 16, 17]. The amplitude of the decay process depends
on the overlap of the mother (M) nucleus with a daughter
(D) and α cluster, called the formation amplitude [15],
gL(rαD) =
ˆ
A
[
Φ
(D)
J (ξD),Φ
(α)
0 (ξα)YL (rˆαD)
]∗
IM
×Ψ(M)IM (ξM )dξDdξαdrˆαD,
(1)
where L is the angular momentum, Ψ(M)IM (ξM ),Φ
(D)
J (ξD),
and Φ(α)0 (ξα) are the mother, daughter and α particle wave
functions, respectively, ξi are intrinsic coordinates for nu-
cleus i, and rαD is the distance between the centers of
mass of the daughter nucleus and α particle. In this work
we consider the g.s. to g.s. α decay in even-even nuclei
implying L = J = I = 0.
The decay width is given by [15],
Γ(rc) = 2γ
2
0(rc)P0(Qα, rc), (2)
where P0 is the Coulomb penetrability, and γ0 is the re-
duced width,
γ20(rc) =
~
2
2µrc
r2cg
2
0(rc), (3)
with the reduced mass µ. The penetrability depends
strongly on Qα. A variation of ±1 MeV can produce a
variation of several orders of magnitude in the penetrabil-
ity. To avoid this we use the experimental value, Qexpα .
The reduced width and the penetrability entering Eq.
(2) both depend on the matching radius rc, that should
be chosen beyond the range of inter-cluster nuclear forces.
If the formation amplitude has a tail proportional to an
outgoing Coulomb wave function corresponding to the cor-
rect energy Qexpα , the decay width Γ becomes constant
for large rc. For an approximate nuclear structure model
there might thus be some rc dependence of Γ.
2.2. Nuclear structure model
The g.s. wave functions of mother and daughter nuclei are
obtained from spherically symmetric solutions to the HFB
equations, solved in a large spherical oscillator basis using
an extended version of the program hosphe(v1.02) [18].
In the particle-hole (p-h) channel the effective Skyrme
forces SLy4 and UNEDF1 are used.
In the particle-particle (p-p) channel an effective
density-dependent contact interaction [19] is used,
V qpair(r, r
′) = Vq
[
1− β ρ(r)
ρc
]
δ(r− r′), q = p, n, (4)
where the parameters Vq and β determine the strength and
density dependence of the interaction, and ρc is the satu-
ration density of nuclear matter, taken as ρc = 0.16 fm
−3.
The interaction is regularized by a truncation in the equiv-
alent spectra [20] at 60 MeV. To avoid a collapse of the
pairing in nuclei close to closed shells an approximate
version of the Lipkin-Nogami method [20] is used. The
Skyrme force SLy4 is used in combination with volume-
type (β = 0), and surface-type pairing (β = 1), with the
pairing strengths used in [12]. For UNEDF1 we use the
mixed pairing (β = 12 ) obtained in the simultaneous fit of
the p-h and p-p effective interactions performed in [13].
We use the standard approximation for the α particle
wave function [15, 21],
Φ
(α)
00 (rpi, rν , rα, s1, s2, s3, s4)
=
(
4
b3α
√
pi
)3/2
e
−
r2pi+r
2
ν+r
2
α
2b2α ×
(
1√
4pi
)3
× [χ 1
2
(s1), χ 1
2
(s2)]00[χ 1
2
(s3), χ 1
2
(s4)]00,
(5)
where bα is a size parameter, chosen as bα = 1.41 fm, s1, s2
are spin coordinates for the two protons, and s3, s4 for the
two neutrons. The coordinates rpi , rν , rα are related to the
coordinates of the two protons r1, r2 and of the two neu-
trons r3, r4 through, rpi = (r1−r2)/
√
2, rν = (r3−r4)/
√
2,
rα =
1
2 (r1 + r2 − r3 − r4). The center of mass coordinate
for the four nucleons is, R = 14 (r1 + r2 + r3 + r4) .
2.3. Calculation of the formation amplitude
The formation amplitude (1) is obtained by expanding
the mother nucleus in terms of the daughter and valence
nucleons [15], and integrating over daughter coordinates,
g0(R) =
1√
4pi
ˆ
Φ
(α)∗
00 (rpi , rν , rα)Φ
(v)(r1, r2, r3, r4)dξαdRˆ,
(6)
where R is the center of mass coordinate for the nucleons
of the α particle, and Φ(v) =
√
8Φ(vp) (r1, r2)Φ
(vn) (r3, r4)
is the valence nucleon wave function. The factor of
√
8
is the renormalization of a wave function obtained for the
2
coordinates r1, r2, r3, r4, when used as a wave function in
the coordinates rpi, rν , rα,R [22]. A few approximations
are made to get this simpler expression, discussed in [12].
If the daughter nucleus is heavy compared to the α par-
ticle, and their relative distance, R, is large so that they
have little spatial overlap, the errors introduced by these
approximations are estimated to be small.
The two-proton, q = pi, and two-neutron parts, q = ν,
of the valence nucleon wave function are given by,
Φ(vq) (ra, rb) =
1
2
∑
lj
∑
nn′
jˆBqlj;nn′
×A{[φnlj (ra) , φn′lj (rb)]00},
(7)
where φnlj are harmonic oscillator eigenfunctions with n
nodes, orbital and total angular momentum l and j, re-
spectively. Since proton-neutron pairing is not considered
the HFB wave functions splits into proton and neutron
parts. The expansion coefficients Bq are given by the
overlap of the corresponding proton or neutron parts of
the daughter HFB vacuum with two particle-annihilation
operators acting on the mother HFB vacuum,
Bqk,k′ = 〈Dq|ak′ak|M q〉. (8)
The formation amplitude (6) is subsequently evaluated
by transforming the valence wave function to relative and
center of mass coordinates using Talmi-Moshinsky oscilla-
tor brackets [23].
3. Numerical application
3.1. Convergence
The matching radius, rc, in the R-matrix decay width
expression (2) must be chosen in the region where nuclear
forces between the alpha particle and the daughter nucleus
are negligible. In the case of 212Po this means [12] that the
formation amplitude should be converged for separations
R ≤ 10 fm. As seen in Fig. 1 this is fulfilled when Nmax ≥
20, where the oscillator basis consists of all major shells
up to and including Nmax. In this work we use, unless
otherwise noted, Nmax = 30 throughout.
3.2. α particle wave function - small size limit
The evaluation of the formation amplitude (6), involves
the computationally expensive evaluation of overlap inte-
grals in relative coordinates. Within the δ-function ap-
proximation [14], these computations are avoided, reduc-
ing the computational time by at least two orders of mag-
nitude. The error introduced vary from nuclei to nuclei,
partly due to that the contribution from high-j orbitals is
exaggerated [14], and the approximation has generally not
been used in recent works. To better understand how the
errors are introduced, we investigate the formation ampli-
tude in the small α-particle limit.
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Figure 1: Convergence of the formation amplitude. (a)
shows the tail of the formation amplitude in logarithmic
scale. (b) shows the formation amplitude in linear scale,
only the Nmax = 6 results differ from the rest in this scale.
The δ-approximation consists in assuming the valence
wave function in the coordinates rpi, rν , rα be constant over
the size of the α particle,
Φ(v)(rpi, rν , rα,R) ≈ Φ(v)(0, 0, 0,R)
=
√
8Φ(vpi) (R,R)Φ(vν) (R,R) . (9)
Inserting into Eq. (6) gives,
g0(R) ≈
ˆ
Φ
(α)∗
00 (rpi , rν , rα)dξα
×
∑
s1...s4
ˆ
Φ
(α)∗
00 (s1, . . . , s4)Y
∗
00(Rˆ)
× Φ(v)(0, 0, 0,R; s1, . . . , s4)dRˆ,
(10)
where the α particle wave function is separated into spin
and position coordinates, and the summation over spins is
shown explicitly. The first integral gives the prefactor,
A(bα) ≡
ˆ
Φ
(α)∗
00 (rpi, rν , rα)dξα =
(
2bα
√
pi
)9/2
. (11)
This factor differs slightly from the one in [14].
Performing the summation over spins, and the angular
integration, the formation amplitude becomes,
g0(R) ≈
√
32piA(bα)〈Dpi|Mpi〉〈Dν |Mν〉
× κDMpi (R)κDMν (R),
(12)
where κDMq (R) is the two-particle transfer density, here
defined as,
κDMq (R) ≡
〈Dq|a(R, ↓)a(R, ↑)|M q〉
〈Dq|M q〉 , q = pi, ν. (13)
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Figure 2: Formation amplitude for 212Po calculated for α
particle wave functions of different sizes bα, and rescaled,
compared to the result of the δ-function approximation.
The formation amplitude in the δ-function approxima-
tion, using Eq. (12), is compared to the result of the full
calculation, Eq. (6), for the α decay of 212Po in Fig. 2.
The HFB wave functions are obtained with SLy4 and vol-
ume pairing, and oscillator shells up to Nmax = 20 are
included. To investigate for what size of α particle the as-
sumption of the δ-function approximation is valid, the re-
sults of full calculations using an α particle wave function
with size parameter bα, smaller than the standard value
of b0α = 1.41 fm, are also shown. The results are scaled by
the factor (b0α/bα)
9/2, so that a constant valence-nucleon
wave function will produce the same formation amplitude
regardless of bα.
The δ-function approximation over-estimates the for-
mation amplitude by a factor of 10 or more. From the
results of calculations with decreasing bα we note that
this overestimation is due to the neglect of the decrease
of the valence-nucleon wave function with increasing dis-
tance between nucleons rpi , rν , rα. As the volume in which
the valence-nucleon wave function is sampled, controlled
by the parameter bα, is decreased the results tend to the
results of the δ-function approximation.
We conclude that the δ-approximation is not sufficiently
accurate. More work is needed to find a suitable approxi-
mation to reduce the computational time. For the remain-
ing calculations we shall use the full expression (6) for the
formation amplitude.
4. Pairing correlations
The formation amplitude depends strongly on the magni-
tude of the pairing correlations. For BCS type calculations
a strong dependence on the paring gap was demonstrated
in e.g. [6], and a similar dependence was observed in the
HFB case [12].
The R-matrix decay width for 212Po calculated using
different effective Skyrme and pairing interactions is shown
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Figure 3: R-matrix decay width for 212Po, obtained using
different effective interactions.
in Fig. 3. As can be seen in the figure all considered inter-
actions produce too small decay widths to reproduce ex-
perimental data. SLy4 with a surface pairing force yields
the largest values, whereas the UNEDF1 produces the
smallest decay width. The slope of Γ(rc) as a function
of matching radius rc indicates that the model predicts
an α particle more bound to the daughter compared to
experiment.
While both SLy4 results are obtained using a pairing
that gives lowest quasi-particle energies, Eminq , close to the
three-point mass differences, ∆expp (
212Po) = 0.765 MeV,
and ∆expn (
212Po) = 0.766 MeV, the UNEDF1 produces
smaller pairing, Eminp (
212Po) = 0.144MeV, Eminn (
212Po) =
0.111 MeV. This pairing produces the much smaller decay
width in this case.
The connection between the pairing and the formation
amplitude can be seen more clearly in the δ-function ap-
proximation, Eq. (12). In this approximation the for-
mation amplitude is proportional to the product of the
pair-transfer densities κDMp (R)κ
DM
n (R). Fig. 4 compares
the pairing density, κq(r) = 〈M q|a(r, ↓)a(r, ↑)|M q〉, and
the two-nucleon transfer densitiy, κDMq (r), Eq. (13), cal-
culated in the three model parametrizations for 212Po. It
is interesting to note that for all three cases the transfer
density seem to be well approximated by the pairing den-
sity for large radii. The surface pairing has the largest tail
of the pair density, while the UNEDF1 pairing density is
overall much smaller due to the smaller pairing. This be-
havior explains qualitatively the R-matrix decay widths in
Fig. 3.
5. Results for α-decay properties of Po, Rn, Ra
isotopes
Calculations for α-decay widths of all even-even near-
spherical α emitters included in the compilation of ex-
perimental data of [24] were performed using the SLy4
Skyrme force in [12]. Here we focus on the results for the
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Figure 4: Pairing density (solid lines), and two-nucleon
transfer density (dotted lines) for 212Po.
Table 1: Mean, M , and standard deviation, σ, of
log10[γ
2(rt)/γ
2
exp(rt)] for the 27 studied Po, Rn and Ra
isotopes.
Model M σ
SLy4, Volume pairing -3.7897 0.3162
SLy4, Surface pairing -3.1409 0.2213
UNEDF1 -5.7080 0.2278
UDL 0.2111 0.3788
27 near-spherical Po, Rn, and Ra isotopes, and compare
with results using the UNEDF1 effective interaction.
To compare the microscopic α-decay properties for
several nuclei we investigate the reduced width, γ2(rc),
Eq. (3), at rc = rt, with the touching radius rt =
r0
[
(A− 4)1/3 + 41/3] , where A is the mass number of the
mother nucleus and r0 = 1.2 fm. rt gives the approximate
separation at the α-daughter nucleus touching configura-
tion.
For g.s. to g.s. α decay of even spherical nuclei, the
experimental reduced width is defined as,
γ2exp(rt) =
Γexp
2P0(Q
exp
α , rt)
, (14)
where Γexp = ~ ln 2/T
exp
1/2 is the partial decay width for
the g.s. to g.s. decay channel and P0 is the Coulomb
penetrability.
Tab. 1 shows the mean M and standard deviation σ
of the logarithm of theoretical reduced widths divided by
the corresponding experimental value for the 27 isotopes,
log10
[
γ2(rt)
γ2exp(rt)
]
= log10
[
Γ(rt)
Γexp
]
. (15)
For comparison results from the semi-empiric formula,
Universal Decay Law (UDL), of Ref [4] are included. One
notes that the microscopic models produce reduced widths
which are on average 3 or more orders of magnitude
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Figure 5: Reduced widths at the touching radius, as a
function of the mother nucleus neutron number. The er-
ror bars show experimental values, the dashed line results
from the UDL formula. The circles, triangles and squares
show results from microscopic HFB calculations using dif-
ferent effective interactions. The microscopic results are
normalized with the constant factor 10−M.
smaller than experiment, whereas the UDL produces on
the average a good agreement with data. The spread, σ,
around this mean is, on the other hand, smaller for the mi-
croscopic models, with the smallest deviation for the SLy4
+ Surface pairing and the UNEDF1 effective interactions.
The reduced widths are compared with experiment in
Fig. 5. For each of the microscopic models the results are
normalized with the constant 10−M. From the figure it is
apparent that the normalized microscopic results (circles,
triangles, and squares) follow the variation of γ2exp(rt) bet-
ter than the semi-empiric model (dashed line), that does
not take into account the nuclear structure.
Reduced α-decay widths along the Po, Rn and Ra iso-
tope chains show a similar behavior: As the neutron
number is increased, the reduced width decreases rather
smoothly until the neutron shell closure at N = 126, after
which the experimental value increases drastically across
the shell gap. For N ≥ 128 the reduced widths again in-
crease in a smooth way as N is increased. None of the
models fully capture the magnitude of the increase in re-
duced width when crossing the gap. The best agreement
is for SLy4, with surface type pairing. For all microscopic
models most of the variation with neutron number is rea-
sonably reproduced.
This shows that although the magnitude of the calcu-
lated formation amplitudes are much too small, the miss-
ing nuclear structure effects needed to reproduce data is
5
roughly proportional to the HFB results for all three con-
sidered model parametrizations.
The reduced width γ2(rc) depends on the matching ra-
dius rc, and decreases with increasing values of this pa-
rameter, as the tail of the formation amplitude decreases
inside the Coulomb barrier. As noted in Sec. 4 the de-
crease of the microscopic reduced width is more rapid than
the corresponding experimental values, causing the theo-
retical decay widths Γ(rc), shown in Fig. 3, to decrease
with rc. This implies that the HFB results presented in
Tab. 1 and Fig. 5 depend on the choice of rc. To test
the sensitivity of the results to rc we use a scaled touching
radius r′t with r0 = 1.5 fm. While the mean values de-
crease by about 2 orders of magnitude, the relative values
still show a good agreement with data, reflected in small
changes in the standard deviations σ.
6. Conclusions
The magnitude of the reduced α-decay widths turned out
to be on average 5.7 orders of magnitude too small com-
pared to experiment for the UNEDF1, whereas the SLy4
wave functions produced 3-4 orders too small amplitudes.
The much smaller UNEDF1 values are mainly due to the
weaker pairing.
The three considered model parametrizations have quite
different pairing properties. In spite of this all three pro-
vide relative decay rates that are in good agreement with
data. The good agreement for the normalized widths indi-
cates that the missing effects needed to reproduce absolute
values of experimental decay rates seem to be roughly pro-
portional to the Skyrme-HFB results.
To describe these missing effects it is likely that one has
to go beyond the HFB level and introduce other types of
correlations. Such a model would require more compli-
cated wave functions, that might make the calculation of
the formation amplitudes intractable. A great reduction
in computer time can be achieved if the computation of
overlap integrals in relative coordinates can be avoided,
which is the case in the δ-function approximation. From
our investigation we note that this approximation is too
drastic, as the valence nucleon wave function has appre-
ciable variation across the size of the α particle.
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